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In many cases the estimation of parameters of simultaneous equations amounts to the
search for the minimum value of maximum eigenvalues on a certain set of numbers. There
is a wide range of published papers dealing with the estimation problem by means of the
spectral theory of linear operators [1,2,6,12]. For this reason such estimators will be called
spectral or S-estimators. In this section a set of S-estimators for parameters of linear
systems, denoted by S is suggested.

Assume that the linear regression model

j=Xe+¢e

is given, where ¢ is an unknown m-dimensional vector, 3 is an n -dimensional vector of
observations,

Xnxm = (xi5), j=1,...,m; i=1,..,n, n>m

is a matrix, and ¢ is an n-dimensional random vector of unobservable perturbations such
that

Ec=0, E& = R,un.

Let &' Dyyxm€ < o, where Dy, wm is a positive definite matrix, 0 < oo < co. We will find a
linear transformation of the vector 3 :

mengn _I_ Fm
such that the maximum loss function
T

Q= max E (Tg'—kf—é')

c:cT' Dy xmc<a

mem (T:lj+ {_ 5) )

where V,,xm is a nonnegative definite symmetric matrix, is minimal. Let this minimum

be attained for T = Tan; t=t,. The optimal vector
c=Tg+1
is called the Si-estimator (or minimax estimator) of the vector ¢. Let
Y =R'Y2X, B=D"Y?vD~'/2 =yr?u”,
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where U, x is the orthogonal matrix of eigenvectors, and I',,x.,, = (’yzl / 2(5Z-j) is the

diagonal matrix. Denote by

MN27222%>0,Y%p1="=1m =0
the eigenvalues of the matrix B, where s is an integer,

Z=YD VU =HW'Y2, H=2(2"2)""" w=2"2Z

Let Lgy,, be the set of real matrices of the size s x m, and let K,, be the set of real
vectors of dimension m.

THEOREM 5.1. If the matrices D, X X and R are nondegenerate, then

. — — g T — — g
min max E (c—Tanyj:tm) |4 (c—Tany:I:tm)
T?anEL'anv t?neK'm 5€Km:6TD6§CL

~ T « « «
— min {a)\max [Dl/Q (I - TX) v (1 - TX> DW] + TrTTVTR}
TeLan

— AL mGZ? {CL >\max [AZXmAsXm} + TrW +1 (Asxm + stm)T (Asxm + stm)} 5

where R
V12§ =0,

Amax IS the maximum eigenvalue of a matrix, I, is the identity matrix,

Csxm = [FsXsaosXm—s] ) Dsxs = (6kl\/7k)z7l:1 ) Osx(m—s)

is the matrix with zero entries,

Y

T = D_1/2U |: (FS_QSASXm + IsXm) UTD1/2 (XTR_lX)il XTR—l
A(m—s)Xn
and A(,—s)xn are arbitrary matrices from the set Ly, —s)xn, Lsxm = [Lsxs;Osxm—s)-

Proof. We transform the criterion of estimates quality by substituting the value of the
vector and calculate the expectation

¢ =  max {ET(TX—I)TV(TX—I)E'
ceKp,:c'Dé<a

+ 2|V (TX — 1)} + " VE+ Tr RV?*TTVTRY2,

If we find a minimum for some ¢ € K,, then it is easy to see that ¢ satisfies the

equation V/2f = 0. Let us make the change of variables in the expression for ¢ :
T=TR 2 T€Lnxn, ¢=D'Y%G ¢eK,,.
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Then by Rayleigh’s formula, we obtain
- T - - -
0 = Gmax {D—W <TY . I) 1% (TY - I) D—1/2} + T TTVT

~ T ~
= @\max { (p'2Ty D=2~ 1) B (DYV*TYD '~ 1) }
+TeTTDY2BDY2VT.
From this formula, applying the transformation
B =UT?UT,
we get
© = admax[(T1Z — DITXTLZ — D)]] + TrTIT?T,
where
T, = UTDY?T.
Since the matrix Z = YD~ '/2U can always be represented in the form

—1/2

Z=HWY? H=27(22")  W=2zz",

a simple manipulation yields:
¢ = Amax (TVHW — L) TT2(TLHW — L)) + Te TET?Ty,

where H = [anm, an(n_m)] , a real matrix () is chosen so that the matrix
[anm, an(n,m)] is a square orthogonal matrix; Lyxn = [Lmxm, Omxn—m]s

< Wiz o
WTLX’!L - |: O 0:| Y

(6.1)

(6.2)

where the matrix W1/2 is augmented by zeros so that it has dimension n x n. It is not hard
to ascertain by multiplying the matrices that expressions (6.1) and (6.2) coincide. Now
we can make in (6.2) the change of variables T} = ToH' where T2 € Ly,x(n—m), which

is a one-to-one transformation, since H is a square orthogonal matrix. After the change,

expression (6.2) takes the form

~ T ~
© = Amax { <T2W - Imxn> I (TQW - Imxn> } + e TI DT

(6.3)

Considering that the matrix T: LW does not depend on the columns of matrix T

beginning with the (m + 1)-st column and that

T2 - [TZ,(me)aTQ,mX(”_m)} :
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from expression (6.3) we get

T
¥ = aAmax |:(T2,(m><m)VVl/2 - Ime) F2 <T2,(m><m)VV1/2 - ]me>:| ( )
6.4

+Tr [TQ,(me)7T2,mX(n—m)]TF2 [T2,(m><m)7T2,m><(n—'m)} .

Now, prior to searching for the minimum over all matrices T3 ,,xm, we may find the
minimum over all matrices T5 ;, x (n—m)- Evidently, the matrix to be found is a solution to
the equation

FT2,m><(n—m) = Omx(n—m)' (65)

Turning to expression (6.4) and taking into account (6.5), we get

T
. . 1/2 2
min P = min A\ max <T27(m><m)W/ —Imxm> r
TQGLmX(n—m) TQELmX(n—m)

(6.6)
% (TQv(me)Wl/Q o Imxm)] +Tr Tg(mxm)FQTl(mxm)} ’

Let us make the change of variables

172,7n><’mVV1/2 - Ime = Ame
in (6.6)

min ¢ = min {aAmax [ATT?A] + TrW ' (A" + L) T? (A + Lixim) }

T2€Lm><(nfm) AeLSXm
- ~ ~ T , .
= AIIIl/ln {CL)‘maX (AszASXm> + TTW_l (Asxm + 1_‘s><m> (AsXm + 1—‘s><m>} )
e sXm

(6.7)
where AsXm = FsXsAsXma Lsxm = {FSXS7 Osx(m—s)} .
Consequently, to complete the proof of Theorem 6.1, we must find the matrix 7.
Written in tandem are the necessary transformations of this matrix:

T = TR_1/27 T = UTDl/QTa T = TQ,meHT + TZ,mx(n—m)QTu

FT2,m>< (n—m) — O x (n—m),

_ Fs_jsASXm —1/2
Toymocm = [{ A(m—s)xm } +Ime} e

Considering that
Ty HT = T2,m><mHT + TZ,mX(n—m)QZX(”’m)’
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we get

—1 e
Tnxm - D_1/2U { |:£15(:;AS§:Z + [mxm W_l/zHg:xm + TQ,mX(n—m)ng (n—m)} R_1/2'

Now we can easily derive the expression for the matrix T, defined in Theorem 6.1.
This concludes the proof of the theorem. Thus we have somewhat simplified the search for
estimators of the vector and have reduced it to finding

L uin {a)\max (ATA) + T W (A+ o) (A+ stm)} . (6.8)

As is easily verified,

Amax (AT A) = Apax (AAT).

For this reason we may assume in what follows that in expression (6.8) Apax(AAT) is
replaced by Amax(AT A). In looking for the minimum of expression (6.8), we run into the
main difficulty arising from the fact that the eigenvalue Apax (AAT) of the sought-for matrix
A may turn out to be multiple, thus preventing us from utilizing well-known perturbation
formulas for eigenvalues of multiplicity 1. To surmount this difficulty, we apply the method
proposed in [15]. Consider the function

0e(A) == aB Apax (AAT 4+ eZ55,) + Tr W (A + Tyum)” (A+ Do) s

where =55 = (§;) is a symmetric random matrix, whose entries &;;, i > j; 4,5 =1,...,s
are independent and are distributed in accordance with the normal law N [O, (1+ 5ij)2_1} )
€ # 0 is a real number. Since the eigenvalues of a square matrix K are continuous functions
of the coeflicients of its characteristic equation

det(Iz — K) =0,

for all matrices A € Lgy,, we have
lim sup [p(4) - po(A)] =0 (6.9)
€_>0 AE Ls Xm
We prove that the function ¢ is strictly convex. Reasoning as in [10] and applying the

Cauchy-Bunyakovskii inequality, we see that for all A, B € Lyyp,, 0<a, B; a+=1

p(aA+BB)=a JuaX & (aA+BB) (aA+pBB)e+Tr W'
ceK,:cTe<1

X (A + BB+ Toxm)’ (@A + BB+ Tyxpm)
< QA max (ATA) + afAmax (ATA)
+aTr W H A+ Tyoxm) (A +Toxm)
+ BT WY B 4+ Txm) (B +Taxm).
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A similar argument makes it possible to conclude that the function . (A) is likewise
strictly convex. Therefore, either of the two functions ¢ and ¢.(A) has unique points of
minimums, A and A., respectively. But then it follows from (6.9) that

lim A, = A. (6.10)
e—0
Let us represent the matrix A
A S
Asxm =) MGTE, M =A== 4 > A 20 2 A >0,
where uy, k = 1,...,s are s-dimensional orthogonal vectors, vy, £ = 1,...,s are m-

dimensional orthogonal vectors and j is a number such that 1 < j <'s.

THEOREM 6.2. The numbers A\ and the vectors iy, v satisfy the S, -equation

J J s
Waly Y Gpiifpe+ M Yokl + Y iy +T7,,, =0, (6.11)
k=1 k=1 k=j+1

where
pr > 0, Z] pe=1, Y =R Y2X, B=D'Y?2vD~V2=ypr?y”,
k=1
Upxm 1s the orthogonal matrix of eigenvectors, and 'y, w.m = <%1 / 2(5”) is the diagonal

matrix,

M=v= 2% >0, Yep1 = =% =0
are the eigenvalues of the matrix B, s is an integer, and

—1/2

Z=YD'*U=HW'Y? H=2(Z2"2) """, wW=2"Z

Proof. Let us first prove that there exists the derivative

(0/07)¢e (A+79)],_g5 © € Loxm.

To do this, we consider the expression

limy ™ - (A+170) = o (A)] = imay B [Amax { (A+10) (4+70)" + =2}

~10 710 (6.12)
“Amax (AAT +e2)] (x (B) + x (B)) + 2Tt W (A + )" O,

where B is the following random event:

B ={w: |Anax (AAT +e2) — \; (AAT +eE)| > 6,0 > 2}, § >0,
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X(B) is the indicator for the event B. The density of eigenvalues vy > --- > vy of matrix
(A+~0)(A+~0)T +cE is

Tr [(A++0)(A+~0)" — HY HT]?
B 2e2

u(dH) [T lys — w1,

1>7

Py, .y Ys) = ce/exp

G
(6.13)

where H is an orthogonal matrix of the s-th order, u is the Haar measure on the group G
of orthogonal matrices H = (h;;), c. is the normalizing factor, and y; > --- > ys.
Using this density and the Schwarz inequality we get

E [Amax {(A+70)(A+70)T +eE} — Apax {AAT +eE} | x(B
<\/_|E)\max{ (A+70)(A+70)T + 2} + E N2, aX{AAT+5:}|1/2

<CZP{|V1—V1|<5}<012 / p(yi, s ys dek<c2 / jul du < e367,
k=1

|y1 yi| <o |lu|<o

where ¢; are constants. By virtue of the perturbation formulas for simple eigenvalues,
(6.12) and (6.14), we get

4 — lim— v T >
5y #e(A+90)|  =limy™ {aB gL |(4+10) (4+70)" ~ 44" i+ v(5)}

v=0
F2Tr W (A+Toum)" 6,

where 11, is an eigenvector associated with the eigenvalue vy,

V(6)] < e [+ 5 (4 +0)(4 +20)7 — aa"

1 -1
X (1 -3 [(A+~O)(A+~0)T — AATH> ] :
Choosing ¢ in such a way that
lim[y~ 6% + 6719 =0
~v10
we obtain

%%(A +70)|  =2E¢LOATY . + 2T W (A + o)’ ©. (6.15)
v=0

A

Insofar as the function ¢.(A) has a unique minimum, A., and is strictly convex, for
all ® € L, we have



(0/07) p- (fls + v@)‘ = 0.

7=0

From this equality, (6.15) and the fact that © € Lgxm, is an arbitrary matrix, it follows
that the unknown matrix A. is given by the equation

sXm

EaAT g7 + W (AET +17 ) —0. (6.16)

. N 1/2
Moreover this equation always has a unique solution. Since A = H. (AEAZ> ,

a2 A\ —1/2
where H, = AT <A5A€T> is an orthogonal matrix, then for small enough e equation

(6.16) is equivalent to

A A~

E {angll/ngleﬁ + Wt (AET + Fme) + H.a [(AEAET) 2

A 1/2] o
— (AEAET + 55) ] 1/)151,5?5} Xx(v;>0,i=1,..,5)=0. (6.17)

Let us prove the auxiliary assertion.
LEMMA 6.1. For a certain subsequence ¢ — 0
. /2, 7 7T _ J S, J
lim B vy He e = A Zk:l PrURTL (6.18)

where

J
e > 0, Zkzlpk =L

Proof. According to (6.13) we get

5 oo ~ A 2
Eddl = c. / T exp {—(252)_1Tr (AEAET - HYHT) }u(dH)

y1>>ryg

(6.19)

< [Tl —wil T dwe,
k=1

i>j

where hy is the first column vector of the matrix H. Since the matrix A AT can always
be represented as A AT = U.A.UZL, where U. is the orthogonal matrix of eigenvectors
Uiz, 1 =1,...,8 and

As - ()\iséij)7 )‘15 2 Z )\ss

is the diagonal matrix of eigenvalues, making the change of variables H = U.H, H € G
and invoking the invariance of the Haar measure, from formula (6.19) we obtain
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~ 5 T —1 -\ 2
E 0L :cEUE/y1>,,__>ysh1h1 UETeXp{—(Zez) Tr (A, —HYHT) }

x p(dH) H lyi — 5] H dyg (6.20)
k=1

1>7

= UE {sz‘2175<A5 + EE)(SU};J:]. U;T’

where 11 (A. + €2) is the eigenvector of matrix A. + €= corresponding to the maximum
eigenvalue. Let us represent the matrix A. :

~

s
— =T
As = Zk ) )\ksuksvk;ga /\15 > 2 >\s€ >0,

where ., k = 1,...,s are s-dimensional orthogonal vectors, vy, k = 1,...,s are m-
dimensional orthogonal vectors and j is a number such that 1 < j < s.
The perturbation formulas for eigenvalues imply that

lin% Me = A1, k=1,...,7, lirr(l) Age =Ny q=J+1,..,5, (6.21)
e— PR,

lim ﬁkg = ﬁk, lim 771@5 = Uk, k= 1, ey Sy
e—0

e—0
and since \; # A\1,¢ =j +1,..., s, then we have
s - 0 . 0 .
lim | Ojxg ix(s—3) }
Y 2ty VaeVae {%—j)xy‘ Iis—)x(s-7)

where I is a square identity matrix of order s — j. But in this case ¥3;(A. + ¢Z) — 0, as
e—0foralli=75+1,..,s, and

s . 0o Oioro s
lim T jxj Jx(s5—3) },
e Lg=ji+1 Vactbye 7 [O(s—j)xj Tis—jyx(s—j)

otherwise. Therefore, setting

Die = sz’zl,a (AE + 53)

and utilizing (6.21) from formula (6.20) we obtain that for a certain subsequence &’ — 0

: Y20 7 7T _ 1 s T _ J -
E%Eyl Hsrﬁblsdjls - /\1 151{8 HEUspis iji’jlee - )\1 Zk:l PrUrUg, .

Hence Lemma 6.1 is proved.

Lemma 6.1 implies that

. N S — ST
lim AEI = E )\kukvk
g/—)O k=1



(see (6.10)). Then, passing to the limit as ¢’ — 0 in equality (6.16) and utilizing (6.18),
we get the S7 -equation. Theorem 6.2 is proved.

Let us consider several corollaries.

COROLLARY 6.1. If in addition to the conditions of Theorem 6.1 s = m, I'y = I,,,x,, then
j = m and equation (6.10) has the unique solution

A=l TrW ™ o+ T W1

where W = ZTZ, Z = R~Y/2XD~1/2,

Proof. We represent the matrix W in the form W = HBH?', where H is an orthogonal
matrix and B = (b;d;;) is a diagonal matrix. Then from equation (6.11) we have

J J s
> =T > =T = =T
BaX; g Uy, pr + A1 g Uy, + E AUty +1 =0,
k=1 k=1 k=j+1

where 1:)’]@ = HTUk N 7:/:k = HTﬁk. B
Multiplying this equation from the right by u; we get the system of equations

—

lh (Bapk+l)vk:—1~l'k;kzl,...,j; /\q{?’q:—{l’q; g=j+1,...,m.

Hence \; = 1; ¢ =j+1,...,m. But from the first j equalities, it follows that

Denoting

from this equation we have
(aBVP +V)U" = -7

Hence

(aBVP +V)(aBVP + V) =121
and (aK + B~1)? =1;?B~2, where K = VPV, It is easy to see that
aK + B t=1'B"!

and
Lh=TeB Ya+TrB Y, VUl = 1.

Corollary 6.1 is proved.
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Corollary 6.2. If in addition to the conditions of Theorem 6.1 s = m, matrix V is nonde-
generate, W = (w;0;;) is a diagonal matrix, then

Amxm == ()\kdkj)k =1

where

. —1
J
CL—l—ZWk_l] ’ 22177]7 /\(1: L2 q_.]+17"'7m7

A = 271/2

the number j satisfies the inequality

. -1
J 1/2 1/2
Zk X k/ Wy {G‘FZ ] > ’ij/q, Ym+1 = 0,

and y1 > -+ > vy, > 0 are the eigenvalues of the matrix B = D12y p-1/2,
Proof. In this case equation (6.11) has the form

J J m
— = — = — ST
Wak, E Vkufpk + A1 E Vkuf + E )\kauk +I',xm =0.
k=1 k=1 k=j+1

Multiplying this equation by I' vZ; and u we get

m><m7
U MU (aWpy, + 1)t = =0, tg; U, AL 0, = —0, .

In our case

F_l(CLka +1)

is a symmetric matrix. Therefore, V = U,

M (@Wpe + T =D} =0,k=1,....5; T=A\D)T, =0, q=j+1,....m.

From this equation we get the system of equations

awk)\1pk+)\1—’)’/i/2, kE=1,..,0; A= ;/2, g=7+1,..m

From these equations we obtain the assertion of Corollary 6.2.
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